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where . k are Laguerre functions of type (n&1) and P k are Hermite projection operators. We show that when p>2nÂ(2n&1), the maximal operator sup r>0 |W(+ r ) f (x)| is bounded on L p (R n ). Using this we study almost everywhere convergence to initial data of solutions of the wave equation associated to the Hermite operator. The above expansion for W(+ r ) motivates the study of operators of the form k are Laguerre functions of type :. We study various mapping properties of these operators with applications to Hermite expansions and solutions of Darboux type equations.
INTRODUCTION
The study of spherical means has a very long history. The classic work of John [5] dealt with various applications of the spherical means to the theory of partial differential equations. They entered Fourier analysis with the celebrated theorem of Stein on spherical analogue of the Lebesgue differentiation theorem. Ever since they have appeared again and again in several areas of analysis like integral geometry, inversion of Fourier transforms and related areas.
For a locally integrable function f on R n the spherical means are defined by f V + r (x)= | | y| =r f (x& y) d+ r where + r is the normalised surface measure on the sphere | y| =r. Associated to the spherical means is the spherical maximal function
In 1976, Stein [16] established that when n 3 and p>nÂ(n&1) the maximal operator M is bounded on L p (R n ):
From this follows the convergence of spherical means: where B r is the ball of radius r centered at 0. The case n=2 remained open for almost a decade and in 1987 Bourgain [2] showed that the above maximal inequality holds in that case as well.
The connection between the spherical means and the wave equation is explained by the following fact. When n=3 the function u(x, t)=ct( f V + t (x)) with a suitable constant c satisfies the wave equation u(x, t) t = f (x) a.e.
whenever u is a solution of the wave equation with initial condition f # L p loc (R n ), p>2nÂ(n+1). Several authors have studied almost everywhere convergence of solutions to the L p initial data for general hyperbolic differential equations, see for instance Sogge [15] .
Various refinements of the regularity properties of the spherical means were obtained by several authors, see the works of Oberlin and Stein [8] , Sjo lin [13] and Peyriere and Sjo lin [10] . Motivated by these works Colzani [4] studied spherical means on compact symmetric spaces using a scale of Sobolev spaces and proved a localization theorem for spherical harmonic expansions. In a recent paper Pinsky [11] used the regularity of spherical means to study pointwise inversion of Fourier integrals.
Our point of departure is the study of twisted spherical means on C n which the second author has initiated in [23] . Let + r stand for the normalised surface measure on the sphere |z| =r in C n and define the twisted spherical means f_+ r (z)= | |w| =r f (z&w) e (iÂ2) Im z } w Ä d+ r .
By measuring the regularity of these means in terms of certain Sobolev spaces a localisation theorem for special Hermite expansions was established. As the twisted spherical means are dominated by the ordinary spherical means on C n $R 2n it follows that the maximal function
is bounded on L p (C n ) for p>2nÂ(2n&1).
We may extend this result in two possible directions. It has been proved in [22] that f_+ r has the expansion f_+ r (z)= (2?) &n :
Here . k (z) stands for the kth Laguerre function of type (n&1). When f is a radial function f_. k reduces to
where C n is a constant. Therefore, f_+ r (z) takes the form
where
are the Laguerre coefficients of f. For :> &1 let L : k (t) be the kth Laguerre polynomial of type :. Let :
We define the Laguerre means of a function f defined on [0, ) by
with the Laguerre coefficients R :
This generalises the twisted spherical means for radial functions. In [12] the author studied the regularity properties of these means in connection with a localisation theorem for Laguerre expansions. In this paper we are interested in the boundedness of the associated maximal function and their relation to certain equations of Darboux. Define the maximal function T : * by
We prove the following maximal theorem for Laguerre means. 
This is the analogue of Stein's theorem for the Laguerre means. When := 1 2 , n=3 and f radial, the function
with g(-2x)= f (x) solves the Darboux equation
with the initial conditions
From the maximal theorem for the Laguerre means we obtain (Theorem 4.3)
We can show that this solution u has finite propagation speed.
The second extension we have in mind is the study of the maximal function associated to the Weyl transform of the measure + r . It is a well known fact that
where P k f are the projections of f onto the kth eigenspace of the Hermite operator H=(&2+ |x| 2 ). By considering the action of the reduced Heisenberg group on R n and using Calderon's transference principle we will prove the following theorem concerning the maximal function associated to W(+ r ) f (x).
These operators W(+ r ) may be called spherical means for the Hermite expansions. Measuring the regularity of these operators in terms of Hermite Sobolev spaces we can prove a localisation theorem for Hermite expansions (see Theorem 7.3).
More generally we can look at expansions of the form
which may be called Hermite Laguerre expansions. When := 1 2 the functions u(x, t)=tS
with initial conditions u(x, 0)=0 and t u(x, 0)= f (x). The solutions of the wave equation
can be expressed in terms of S 1Â2 t f and hence we can prove pointwise convergence of solutions of the wave equation to the initial condition f. More specifically, let H=&2+ |x| 2 be the Hermite operator and consider the Cauchy problem
with u(x, 0)=0 and t u(x, 0)= f (x) in one dimensions. We then have Theorem 1.3. Let u be the solution of the above Cauchy problem. Then u(x, t)Ât converges to f (x) as t Ä 0 for almost every x provided f # L 1 & L p (R), and p>2.
In the higher dimensional case we consider the Riesz means of the solutions and prove a similar result on almost everywhere convergence to the initial data (see Theorem 5.4 
In all the cases the estimates are uniform in t.
As a consequence we will obtain some interesting estimates for the Hermite projection operators.
A MAXIMAL THEOREM FOR LAGUERRE MEANS
In [18] Stein and Wainger have studied the boundedness properties of the spherical maximal operator Mf (x)=sup r>0 | f V + r (x)|, where + r denotes the normalised surface measure on the unit sphere in R n . They have shown that when p>nÂ(n&1), M is a bounded operator on L p (R n ). Let f be a function on R + . For :> & 
where x # R + and (r, x) % =(r 2 +x 2 +2rxcos %) 1Â2 . Using techniques similar to those in [18] we show that the maximal function
The generalized Euclidean translation { : r f of f is defined by 
Since the operator { (here the translation is taken only in the y variable), we see that
The generalised Euclidean convolution of two functions f and g on R + is defined to be
x g( y) y 2:+1 dy.
Then we have which is finite whenever Re ;>++1Â2 and +> &:&3Â4. Now we prove the following theorem, closely following the ideas in [18] .
Proof. In view of the inequality (2.6), it is enough to prove that the operator
where . # C 0 (R + ) to be chosen later, and
Then we see that
The second term of the above inequality can be dominated by some constant times sup r>0 | f V . s (x)|. Stempak studied such maximal operators in connection with almost everywhere convergence of Laguerre expansions. He has proved that these maximal operators are bounded on L p (R + , x 2:+1 dx), for p>1. For a proof of this we refer to [19] . Thus it follows that the second term defines a bounded operator on L 2 (R + , x 2:+1 dx). We now proceed to prove that the g function is a bounded operator on L 2 (R + , x 2:+1 dx). By taking Hankel transform this is equivalent to proving that
We have J :++ (s)Âs :++ =1Â1(:+++1) when s=0. By choosing the function . # C 0 (R + ) such that H(.)(0) = 1Â1(: + + + 1) we can make 1Âs 
This proves the theorem. Proof. The proof follows from the fact that
and
, and on L p \p>1 if Re ; 1. We refer to [19] or [24] for a proof of this fact. Let r(x) be a nonnegative measurable function on R + , and consider the family of operators G z f (x), z=t+iy defined by
Clearly G z is an analytic family of operators. By theorem (2.1) we have
. Therefore by using analytic interpolation theorem for the family G z we can prove Theorem 1.1 for the maximal operator m. For details we refer to [18] .
A MAXIMAL THEOREM FOR THE WEYL TRANSFORM
In this section we consider the maximal function defined by the Weyl transform of the measures + r and prove Theorem 1.2. Define
and we are interested in estimates of the form
as observed in the introduction. We use a transference principle first observed by Caldero n [3] to transfer the maximal theorem for M 0 to a theorem for M on L p (R n ). This transference principle plays an important role in proving ergodic theorems. See, for example, the work of Nevo and Stein [8] .
The transfer principle of Caldero n deals with operators T on L p (R n ) which are semilocal in the sense that there exists R>0 such that whenever f is supported in a ball |x| r, Tf will be supported in |x| R+r. If R n acts on a measure space X by measure preserving transformations then T can be transferred to an operator T 0 acting on L p (X). If T commutes with the above action then any L p (R n ) inequality for T gives a similar inequality for T 0 on L p (X). An application of this principle for ergodic averages on spheres has been given in Jones [7] .
In order to apply the transfer principle we have to find a suitable group G acting on R n such that under transference the operators f_+ r will go to W(+ r ) f. This is achieved by considering the following action of the reduced Heisenberg group on R n . Let T be the one dimensional torus identified with [0, 2?) and let G=C n _T be the reduced Heisenberg group with the group law given by (z, t)(w, s)=(z+w, t+s+
where t+s+ 1 2 Im(z } w Ä ) is taken mod 2?. This group defines an action on R n _T in the following way: let g=(z, t), z=x+iy and let (!, s) # R n _T. Define
It is easily verified that
and U(g) is measure preserving.
We use this action to transfer functions on R n _T to functions on G. Suppose 8 is a function on R n _T and (!, s) # R n _T. We define
to be the new function on G=C n _T. If T is an operator acting on functions F(z, t) we can define the transferred operator T 0 on functions 8(!, s) by setting
is then the transferred function becomes
Suppose now T is a convolution operator on G, say
If we further assume that
Thus when K and F are of the special form TF reduces to a twisted convolution operator. For 8(!, s)=.(!) e is the transferred function is of the special form
where the function f ! (z) is given by
Therefore,
and we see that
.(!+ y) dx dy.
If we recall the definition of the Weyl transform we get the relation
We now state and prove the following transference result. The proof is standard; see for example Theorem 2.2 in Jones [6] . However, we give the proof for the sake of completeness.
Proof. We first observe that for functions of the form F(z, t)=e
Now consider the equations
where a=(!, s). Since the measure da=d! ds is invariant under the action of U( g), g # G we have
where 0 n =? n Â1(n+1). Let us now calculate TF U( g) a (0). By definition
In other words
where B R is the ball |z| R.
If we assume that k(w) is supported in |w| A then for |z| R what matters is the values of F a (h) for |w| R+A, where h=(w, s). Thus
where F a (h)=F a (h) for |w| R+A and 0 elsewhere. Since the operator T is bounded on functions of the form F(z, t)=e &it f (z) the above integral is dominated by
Finally, we have proved that
Letting R Ä we conclude that
This completes the proof of the theorem.
In the above proof we have only used the semi-local property of the operator T.
Therefore, if we let
then M N are semi-local and the above arguments will lead to
with C independent of N. This follows from the maximal theorem for f Ä f_+ r . Letting N Ä we obtain Theorem 1.2. We also have the following corollary.
The corollary follows from the maximal theorem by standard arguments. We use the maximal theorem in the following sections to study solutions of certain wave equations and also to study Hermite Laguerre expansions. We conclude this section with the following remark. A general transference theorem for the Weyl transform has been proved by Mauceri [7] . In fact, he has shown that if k is any distribution on
Since we are interested in maximal functions associated to the Weyl transform we have to consider compactly supported kernels.
THE EQUATION OF DARBOUX AND THE LAGUERRE MEANS
If _ t is the normalised surface measure on the sphere |x| =t in R n then it is well known that the spherical mean f V _ t (x) satisfies the Darboux equation:
Observe that the differential operator on the left hand side is the radial part of the Laplacian 2 on R n . In a similar way the twisted spherical means f_+ t (z) satisfies
where L is the operator
and the Weyl transform W(+ t )f satisfies
where H=&2+|x| 2 is the Hermite operator. Recall that W(+ t ) f is given by
Generalising this, we consider
where,
:
Here P k is the Hermite projection operator given by 
The first condition is verified as 
where C n is a constant. If we let T n to be the operator
then we have the relation
Now any tempered solution of the equation under consideration is given by
u(x, t)= :
and so from the above relation we obtain
From this and the maximal theorem for the Weyl transform W(+ t ) we get for p>2nÂ(2n&1)
Finally, it can be checked that the sequence
verifies the conditions for the Marcinkiewicz multiplier theorem for the Hermite expansions (see Section 6) and consequently
Next we consider the other Cauchy problem
If v is a tempered solution of this problem then it is given by v(x, t)=t :
To see this we only have to verify:
That (4.6) and (4.7) are true follows from
we get
Using the explicit values for H 2k+2 (0) given in Szego [20] we can check that (4.8) is true. Proof. We will show that when f is radial and p> 3 2 we have the maximal estimate
To prove this we observe that when f is radial P 2k+1 f =0 and
For a proof of this we refer to Theorem 3.4.1 of [23] . Thus v(x, t) is expressed in terms of Laguerre means of order 1 2 v(x, t)=CtT
where g(x)= f (xÂ-2). By appealing to the maximal theorem for Laguerre means we complete the proof.
It would be interesting to see if the above theorem remains true for all functions, not necessarily radial. We conclude this section with the following result showing a finite propagation speed in the three dimensional case.
Theorem 4.4. Let n=3 and let v be the solution given by (4.5). If f is radial and supported in |x| r, then v(x, t) is supported in |x| (r+tÂ-2).
Proof. In the proof of the previous theorem we observed that when f is a radial function the solution v(x, t) given by (4.5) can be written in terms of the Laguerre means:
where f and g are related as above. From the integral representation of the Laguerre means it follows that when g is supported |x| r, T 1Â2 t f (x) is supported in |x| r+tÂ-2 (see [12] ). This proves the theorem.
WAVE EQUATION FOR THE HERMITE OPERATOR
In this section we study the pointwise convergence of solutions of the wave equation
to the initial data. We use the maximal theorem for the Weyl transform of + t which we established in Section 3 in order to prove almost everywhere convergence of u. Actually certain Riesz means of solutions u can be expressed in terms of W(+ t ) and this enables us to study the pointwise convergence. First we consider the one dimensional case. In this case it is convenient to consider the operator (H+ 1 2 ) rather than H. So, we look at solutions of the Cauchy problem 2 t u(x, t)=&(H+ 1 2 ) u(x, t) with initial conditions
Formally, the solution of this problem is given by u(x, t)=(H+ 1Â2 are defined using spectral theorem. Thus the solution u(x, t) has the expansion u(x, t)=2 &1Â2 :
We establish Theorem 1.3 concerning the pointwise convergence of u(x, t) to the initial data. In the proof of this theorem (as well as in the proofs of other results in this section) a crucial role is played by the Hilb type asymptotic formulas for the Laguerre functions (see Szego [20] ):
Here K=k+(:+1)Â2 and the error term can be replaced by
Taking := 1 2 in the above formula we can write 
Let us write this as
We first prove the following equiconvergence result.
Proof. For f = N k=0 P k f it is clear that both u(x, t)Ât and S 1Â2 t f (x) converge to f (x) pointwise as t Ä 0. Therefore, it is enough to prove the inequality
The operator m t is given by the kernel
where h k are normalised Hermite functions on R. Using the estimates for m k (t) and applying Cauchy Schwarz we get (m t (x, y)) 2
CB(x) B( y)
where we have written and since
we have the expression
&1Â2 e &x 2 tanh 2t dt.
From this we obtain the estimate B(x) C and for
In getting this estimate we have used the facts that sinh ttt, tanh ttt as t Ä 0 and tanh t=O(1) as t Ä . Therefore, we have the inequality
and this proves the proposition. Next we prove the following result concerning the maximal function
Proof. The idea of the proof is to express S 1Â2 t f in terms of S 0 t f. To this end we make use of the formula
which is valid for +> &1, &>0. Taking +=0 and &= 1 2 we get
From this formula it is clear that
which immediately gives
Since S 0 t =W(+ t ) f, the proposition follows from the Theorem 3.2. Combining Proposition 5.1 and 5.2 we immediately obtain Theorem 1.3. Next we consider the following Cauchy problem for the n-dimensional Hermite operator H=&2+|x| 2 :
Formally, the solution is given by v(x, t)=(cos tH 1Â2 ) f (x). In this case we are unable to prove the pointwise convergence of the solution to the initial data. This situation is similar to the case of solutions of the Schro dinger equation on R n . Motivated by the works [14] and [21] we now consider what may be called the Riesz means of the solution v. These are defined by
v(x, s) ds.
In small dimensions we are able to prove the following theorem about pointwise convergence of the Riesz means.
Theorem 5.3. Let n=1, 2 or 3. Then the have
The proof of this theorem is similar to that of the previous theorem. We express v n&1 (x, t) in terms of J n&1 (tH 1Â2 ) f which is then compared with W(+ t ) f. To start with we have the formula for the Bessel function 
:&1Â2 e isz ds.
This gives us the relation
The Bessel function can be written as the sum of the Laguerre function and an error term using Hilb's asymptotic formula, viz.
The error term can be seen to satisfy the uniform bound
and a(n)=2 for n 3. As before we first prove the equiconvergence result.
Proof. Again it is enough to prove the estimate
The proof of the above estimate is similar to the one dimensional case. If 8 k (x, y) stands for the kernel of P k then the kernel of m n&1 t is estimated by
which by Cauchy Schwarz is dominated by (B(x) B( y)) 1Â2 , where
As before, the generating function identity for the n-dimensional Hermite functions shows that
From the formula we get the estimate
where b(1)= To complete the proof of Theorem 5.3 we observe that S n&1 t f =W(+ t ) f and consequently
Therefore, S n&1 t f (x) and hence v n&1 (x, t)Ât converge to f (x) a.e. as t Ä 0. Hence the theorem.
CONVERGENCE OF HERMITE LAGUERRE EXPANSIONS
In this section we are concerned with the pointwise and norm convergence of S : t f to f as t Ä 0. Recall that S : t f is given by the expansion
This expansion may be called the Hermite Laguerre expansion of f and the convergence of S : t f to f may be considered a new summability method for the Hermite expansion. As S n&1 t f =W(+ t ) f the following theorem is a restatement of the maximal theorem in Section 3.
a.e. and also in the norm.
We are interested in knowing similar properties of S : t with 0 :<n&1. For : big enough we can obtain norm convergence as can be seen from the following result.
We will prove the above theorem by appealing to the Marcinkiewicz multiplier theorem for the Hermite expansions. If [m(k)] is a bounded sequence then the operator T m defined by
, p{2 unless some more conditions are imposed on the sequence. A sufficient condition on m(k) is given by the Marcinkiewicz multiplier theorem proved in [24] : Theorem 6.3. Let 2 be the finite difference operator defined by 2m(k)=m(k+1)&m(k). Assume that J>nÂ2 and for j=0, 1, 2, ... J the iterated finite differences 2 j m(k) satisfy
where C j are independent of k. Then the operator T m is bounded on L p (R n ), for 1<p< .
In view of this multiplier theorem we need only to verify that the sequence
satisfy the above estimates uniformly in t for [:]>nÂ2. Using properties of the gamma function one can easily verify that the sequence
satisfies the required estimates. Therefore, we have to consider the Laguerre polynomials alone. Now, the Laguerre polynomials verify the relation
and they also satisfy the uniform estimate 
For this operator we prove the following result.
As a corollary of this theorem we obtain the following interesting estimate regarding the Hermite projection operators.
Proof. By taking g= f in the theorem we have
But since P k are projections
The proof of the corollary is completed by noting that the family
Estimates of the form
are called L p &L 2 restriction theorems for the Hermite projections and they play a crucial role in the study of Bochner Riesz means for the Hermite expansions (see [24] ). It is conjectured that
. This conjecture has been verified only for the radial functions. The result of the corollary supports this conjecture. We now turn to the proof of the theorem. We require the following two propositions. First we study mapping properties of the operator
for t real. Using generating function identity (also known as Mehler's formula) we can calculate the kernel of this operator. We can write
and the kernel is given by
where B is real valued. We refer to [21] for this easy calculation. We are now ready to state and prove the following result.
Proposition 6.6. For 1 p 2 and t>0
Proof. By Riesz Thorin convexity theorem it is enough to show that
The first inequality follows from the explicit formula for the kernel and the second one follows from Plancherel theorem for the Hermite series since ((2it+1)Â(2it&1)) is of absolute value 1 for real t.
In the next proposition we express the Laguerre functions L k (t)e &tÂ2 as the Fourier transform of certain functions. Proof. The Laguerre functions are given by the generating function identity
for |r| <1. Therefore, it is enough to show that
for t 0. The geometric series on the left hand side can be summed and the integral can be evaluated using residue theorem. The value of the integral turns out to be zero for t<0 and for t 0 it is just the right hand side of the above equation. We leave the simple calculations to the interested reader.
We now embark on the proof of Theorem 6.4. Since
and we are interested in the L 2 norm
In view of Plancherel theorem for the Fourier transform on R and Proposition 6.7 we only need to show that
By the result of Proposition 6.6 we know that
and hence the above integral is dominated by
This last integral is finite provided 2nÂ(n+1)<p 2, hence the theorem.
We are interested in a uniform estimate for the functions S t f. To obtain this we need to get an estimate on sup t>0 |(S t f, g)| which is achieved by the following trick. If a function F(t) on [0, ) has the expansion
As the Laguerre functions L k (t) e &tÂ2 are uniformly bounded for t 0, k=0, 1, 2, ... the second sum is finite provided s> 
RATNAKUMAR AND THANGAVELU
Applying this trick to (S t f, g) we have
where H s is the fractional power of the Hermite operator defined by
Appealing to Theorem 6.4 we see that
t , : 0 can be expressed in terms of S t , from the last inequality we obtain the following. 
This theorem shows that the operators S : t are uniformly bounded from the Hermite Sobolev space W s, p 
Theorem 6.9. Let : 0, s>(n+1)Â2 and 1 p . Then holds the uniform estimate
Proof. We follow a similar line of reasoning as in the previous theorem. The proof is reduced to showing that for s>nÂ2
This is guaranteed if we show that
The kernel of the operator K t H &s can be explicitly calculated this has been done in [21] . We refer to page 15 of that paper. From the calculations there it follows that the kernel is uniformly bounded on L p (R n ), 1 p provided s>nÂ2. This completes the proof of the theorem.
A LOCALISATION THEOREM FOR HERMITE EXPANSION
In [23] Thangavelu has studied a localisation theorem for special Hermite expansion using the regularity properties of the twisted spherical mean value operator f_+ r (z), where + r is the normalised surface measure on the sphere |z| =r in C n . Employing similar techniques we can prove a localisation theorem for Hermite expansions also. For f # L 2 (R n ) we have the Hermite expansion
where P k is the Hermite projection operator defined by ) also. Now we study the regularity properties of the operator W(+ r ) using the above Sobolev spaces. We have the following W(+ r ) f (!) can also be written in the more compact form W(+ r ) f (!)= | x 2 + y 2 =r 2 e i(x } !+(1Â2) x } y) f (!+ y) d+ r (x, y).
From the above integral we notice that if f#0 near a point ! 0 # R n , then f(! 0 + y) is also #0 for small | y|. Thus it follows that for small r | |x 2 | + |y 2 | =r 2 e i(x } !+(1Â2) x } y) f (!+ y) d+ r (x, y)#0.
Hence we have the following. . Now we are in a position to prove a localization theorem for the Hermite expansions. We prove Before proving the theorem we state a proposition, the proof of which can be seen in [12] . n (R + ) as a function of r. Notice that our h satisfies the conditions of the proposition, see [12] . Thus in view of (7.4) we see that R.H.S of (7.5) =o (1) as N Ä , which proves the theorem.
In view of the Proposition (7.1) we have the following corollary to the above theorem. 
